We characterize the boundedness and compactness of the following integral-type operator
Introduction
the Bloch-type space becomes a Banach space. When μ(z) = (1 − |z| 2 ) α , α ∈ (0, ∞), the space becomes the α-Bloch space B α (see, e.g., [1, 19, 25, 28, 33, 35] ). Some other weighted spaces related to Bloch-type spaces, can be found, for example, in [8, 21, 34] (see also the references therein).
The little Bloch-type space B μ,0 is a subspace of B μ consisting of those f ∈ B μ such that
Bearing in mind the following asymptotic relation from [31] 
(for the case μ(z) = (1 − |z| 2 ) α , α > 0, see, e.g., [6] ) we see that B μ can be defined as the class of all f ∈ H (B) such that b μ (f ) is finite. Also the little Bloch-type space is equivalent with the subspace of B μ consisting of all f ∈ H (B) such that
Assume g ∈ H (B), g(0) = 0 and ϕ is a holomorphic self-map of B. We introduce the following integral-type operator on H (B)
Operator (2) is related to operators
acting on H (B), introduced in [11] and [15] , as well as the operator T g introduced in [26] acting on holomorphic functions on the unit polydisk (see, also [27] , as well as [3] for a particular case of the operator). One of motivations for introducing operator I g ϕ stems from the operator introduced in [17] . Some characterizations of the boundedness and compactness of these and some other integral-type operators mostly in C n , can be found, for example, in [2] [3] [4] [5] [10] [11] [12] [13] [14] [15] [16] [17] [18] [25] [26] [27] [30] [31] [32] .
Recall that a linear operator L : X → Y , where X and Y are Banach spaces, is compact if for every bounded sequence (x k ) k∈N in X, the sequence (L(x k )) k∈N has a convergent subsequence. The operator L is said to be weakly compact if for every bounded sequence ( k∈N has a weakly convergent subsequence, i.e., there is a subsequence (x k m ) m∈N such that for every Λ ∈ Y * , the sequence (Λ(L(x k m ))) m∈N converges. A useful characterization for an operator to be weakly compact is the following Gantmacher's theorem: L is weakly compact if and only if L * * (X * * ) ⊂ Y , where L * * is the second adjoint of L (see, for example, [7] ).
We characterize the boundedness and compactness of I g ϕ from the α-Bloch space (or the little α-Bloch space) to the Bloch-type space (or the little Bloch-type space).
Throughout this paper, constants are denoted by C, they are positive and may differ from one occurrence to the other. If we say that a function μ : C → [0, ∞) is normal we will also assume that it is radial, that is, μ(z) = μ(|z|), z ∈ B. The notation a b means that there is a positive constant C such that a Cb. We say that a b if both a b and b a hold.
Auxiliary results
Several auxiliary results are given in this section. They will be used in the proofs of the main results in this paper.
The following lemma follows by standard arguments (see, for example, the corresponding lemmas in [15, 26, 27] ).
Lemma 2. Suppose μ is normal. A closed set K in B μ,0 is compact if and only if it is bounded and satisfies
The proof of Lemma 2 follows the lines of the proof of Lemma 2 in [20] , hence is omitted.
Remark 1.
If in Lemma 2 we assume that K is not closed, then word compact can be replaced by relatively compact.
Lemma 3. Assume that f, g ∈ H (B) and g(0)
Proof. Assume that the holomorphic function f (ϕ(z))g(z) has the expansion α a α z α . Since α = 0, we obtain
, denote the Bergman space, i.e., the space of all f ∈ H (B) such that
where dV (z) is the Lebesgue volume. The next lemma can be found, for example, in Theorems 7.5 and 7.6 in [35] .
Lemma 4. Suppose α ∈ (0, ∞).
Then, the following statements are true.
Recall that the duality (B α 0 ) * = A 1 , is given by the following integral pairing
where f ∈ B α 0 , g ∈ A 1 , and where c α−1 is chosen such that
while the duality (A 1 ) * = B α is given by the same integral pairing, where f ∈ A 1 and g ∈ B α . Based on a result from [22] , in [9] the authors proved the following result.
Lemma 6. Suppose α ∈ (0, ∞). Then there exist two holomorphic functions
for all z ∈ D. Now we are in a position to formulate and prove the main results of this paper.
Then the following statements are equivalent.
Proof. (iii) ⇒ (i) By Lemma 3, the definition of the α-Bloch space and asymptotic relationship (1), we have
for every z ∈ B and f ∈ B α . From this, by using (4) 
(i) ⇒ (ii) The implication is obvious.
(ii) ⇒ (iii) Using the following test functions
we obtain
for each l ∈ {1, . . . , n}, and consequently
Setf
It is easy to see thatf a ∈ B α 0 . Moreover
From this and the boundedness of I g ϕ : B α 0 → B μ it follows that
from which it follows that
On the other hand if, |ϕ(z)| 1/2, by using (8) we obtain
Condition (4) as well as the inequality
is a direct consequence of (10) and (11) . The asymptotic relation in (5), follows from (6) and (12). 2
Theorem 2. Suppose α > 0, μ is normal, g ∈ H (B), g(0) = 0 and ϕ is an analytic self-map of B.
Then the following statements are equivalent. Set
wheref w is defined in (9) . From the proof of Theorem 1 we see that sup k∈N F k B α < ∞. Beside this F k converges to zero uniformly on compacts of B as k → ∞. Lemma 1 implies
We have
From (15), (16) and by using the assumption |ϕ(z k )| → 1 as k → ∞, we obtain
from which (13) From (13) for every ε > 0, there is a δ ∈ (0, 1), such that
whenever δ < |ϕ(z)| < 1. Lemma 3, (1), (17) and (8), yield
where
The uniform convergence of (f k ) k∈N on compacts of B along with Cauchy's estimate implies that (|∇f k |) k∈N also converges to zero on compacts of B as k → ∞. Hence
Letting k → ∞ in (18) and using (19) we obtain 
and
Proof. (vii) ⇒ (ii) Assume that (23) holds. By Lemma 3 and (1) we have
From this and (23) it follows that the set I g ϕ ({f : f B α 1}) is bounded in B μ , moreover in B μ,0 . Taking the supremum in (24) over the unit ball of the space B α , then letting |z| → 1 and using (23), we obtain
From (25) 
for sufficiently large k. We may also assume that ϕ(z k ) → (1, 0, . . . , 0) as k → ∞. By Lemma 6 there are two functions f 1 , f 2 ∈ B α (D) such that asymptotic relation (3) holds. Let
Clearly 
On the other hand, by Lemma 3 and (3) we have
for sufficiently large k, which is a contradiction with (27) . 
whenever r |ϕ(z)| < 1. From (21) it follows that there is a σ ∈ (0, 1), such that
when σ < |z| < 1.
If |ϕ(z)| r and σ < |z| < 1, then from (29) 
Now note that (28) holds on the set r |ϕ(z)| < 1 and σ < |z| < 1. From this and (30) the implication follows. 
